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Abstract
In this work we study the chaotic and periodic asymptotics for the confluent basic hypergeometric se-
ries. For a fixed q ∈ (0,1), the asymptotics for Euler’s q-exponential, q-Gamma function q(x), q-Airy
function of K. Kajiwara, T. Masuda, M. Noumi, Y. Ohta and Y. Yamada, Ramanujan function (q-Airy func-
tion), Jackson’s q-Bessel function of second kind, Ismail–Masson orthogonal polynomials (q−1-Hermite
polynomials), Stieltjes–Wigert polynomials, q-Laguerre polynomials could be derived as special cases.
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1. Introduction
The chaotic and periodic asymptotics for q-orthogonal polynomials started in [9], where we
studied the asymptotics for three families of q-orthogonal polynomials with logarithmic scalings.
They are Ismail–Masson polynomials {hn(x|q)}∞n=0, Stieltjes–Wigert polynomials {Sn(x;q)}∞n=0
and q-Laguerre polynomials {L(α)n (x;q)}∞n=0. These q-orthogonal polynomials are associated
E-mail address: ruimingzhang@yahoo.com.0001-8708/$ – see front matter © 2007 Elsevier Inc. All rights reserved.
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is quite different from the pattern associated with classical Plancherel–Rotach asymptotics [3,4,
8,14]. The main term of asymptotics may contain Ramanujan function Aq(z) or theta function
according to the value of the scaling parameter.
In this work we will investigate the chaotic and periodic asymptotics for general confluent
basic hypergeometric series, which include Euler’s q-exponential, q-Gamma function q(x),
q-Airy function of K. Kajiwara, T. Masuda, M. Noumi, Y. Ohta and Y. Yamada [11], Ra-
manujan function (q-Airy function), Jackson’s q-Bessel function of second kind, Ismail–Masson
orthogonal polynomials (q−1-Hermite polynomials), Stieltjes–Wigert polynomials, q-Laguerre
polynomials as special cases. The results manifest an underlying principle that confluent basic
hypergeometric series are almost theta functions for large independent variables.
We assume that 0 < q < 1 unless otherwise stated. All the log and power functions are taken
as their principle branches.





1 − aqk), (1)
and the q-shifted factorials of a, a1, . . . , am are defined by
(a;q)n := (a;q)∞




for all integers n ∈ Z and m ∈ N. Given two nonnegative integers s, r and two sets of complex
numbers a1, . . . , ar and b1, . . . , bs , a basic hypergeometric series sφr is formally defined as
sφr
(
a1, . . . , ar






(a1, . . . , ar ;q)k(−zq−)kqk2
(q, b1, . . . , bs;q)k , (3)
where
 = s + 1 − r
2
, (4)
and it is a confluent basic hypergeometric series if  > 0.
Lemma 1.1. Given any complex number z, we assume that
0 <
|z|qn




for some positive integer n. Then,
(z;q)∞ = (zqn;q)∞ := 1 + r1(z;n), (6)(z;q)n
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(zqn;q)∞ := 1 + r2(z;n), (8)
with
∣∣r2(z;n)∣∣ 2|z|qn1 − q . (9)







k, A, z ∈ C, |z| < 1, (10)
and the inequality
(q;q)k  (1 − q)k (11)




















1 − q . (13)






k, z ∈ C, (14)
and the inequalities
1 − qk
1 − q  kq
k−1, (q;q)k
(1 − q)k  k!q
k(k−1)/2 (15)


















(k + 1)! 
|z|qn√e
1 − q <
2|z|qn
1 − q .  (17)
Given nonnegative integers r, s, t and a positive number , we define




(qk+1, b1qk, . . . , bsqk;q)∞qk2(−z)k
(a1qk, . . . , arqk;q)∞ , (18)




(qk+1, b1qk, . . . , bsqk;q)∞qk2(−z)k
(a1qk, . . . , arqk;q)∞
(q, c1, . . . , ct ;q)n
(q, c1, . . . , ct ;q)n−k , (19)
where
0 a1, . . . , ar , b1, . . . , bs, c1, . . . , ct < 1. (20)
The Euler’s q-exponential is defined by [2,5,8,12]





k, z ∈ C. (21)
The q(x) could be written as [2,5,8,12]
q(x) := (q;q)∞(1 − q)
1−x
(qx;q)∞ , (22)
its reciprocal has the series representation
1
q(x)













(q2;q2)k = Eq2(zq) (24)
k=0
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The Ramanujan function Aq(z) plays a vital role in the asymptotics for q-orthogonal polyno-
mials, which is very similar to the Airy function in classical Plancherel–Rotach asymptotics
[7,9,10]. Jackson’s q-Bessel function of second kind J (2)ν (z;q) is defined as [5,8,12,13]












, ν > −1. (26)
The Ismail–Masson polynomials {hn(x|q)}∞n=0 are defined as [8]



















(q;q)k(q, qα+1;q)n−k , (29)










Aq(z) = g(−;−;q;1; z)
(q;q)∞ , (32)




hn(sinh ξ |q) = h(−;−;−;q;1; e
−2ξ q−n)
e−nξ (q;q)∞ , (34)
Sn(x;q) = h(−;−;−;q;1;x), (35)
(q;q)n(q;q)∞





a1, . . . , ar
b1, . . . , bs
∣∣∣∣q, z
)
= (q, b1, . . . , bs;q)∞g(a1, . . . , ar ;b1, . . . bs;q;; zq
−)
(a1, . . . , ar ;q)∞ . (37)














(−z)k = (q2, qz, q/z;q2)∞. (39)
We will also make use of the trivial inequality∣∣ez − 1∣∣ |z|e|z| (40)
for any z ∈ C.
Given an irrational number θ , Chebyshev’s theorem implies that for any real number β , there
exist infinitely many pairs of integers n and m with n > 0 such that [6]
nθ = m + β + γn, |γn| 3
n
. (41)
Clearly, Chebyshev’s theorem says that the arithmetic progression
S(θ) := {{nθ} ∣∣ n ∈ N} (42)
is ergodic in R, where {x} is the fractional part of x ∈ R. Obviously, the set S(θ) is a finite subset
of [0,1) for θ ∈ Q.
A Liouville number is a real number θ such that for any positive integer  there exist infinitely
many integers n and m with n > 1 such that [15]
0 < |nθ − m| < 1
n−1
. (43)
It is well known that the set of all Liouville numbers is of Lebesgue measure zero, and almost all
real numbers are Liouville numbers topologically.
Lemma 1.2. Given a nonzero real number θ ∈ R, let S(θ) be defined as in (42). We have:
(1) If θ ∈ Q, then for any fixed λ ∈ R with {λ} ∈ S(θ), there exist infinitely many integers n and
m such that
nθ = m + λ, m ∈ Z. (44)
1594 R. Zhang / Advances in Mathematics 217 (2008) 1588–1613Furthermore, we have m ∈ N if θ > 0.
(2) If θ /∈ Q, then for any fixed β ∈ R, there exist infinitely many integers n ∈ N and m ∈ Z such
that
nθ = m + β + γn, |γn| M
nρ
, ρ = 1, M = 3. (45)
Furthermore, we have m ∈ N if θ > 0. If θ is a Liouville number, for any fixed positive
integer ρ we have
nθ = m + β + γn, |γn| M
nρ
, β = 0, M = 1, (46)
for infinitely many positive integers n and integers m. In the case that θ > 0, we may have
m ∈ N.
2. Main results
2.1. Results for the g function
Theorem 2.1. Assume that z ∈ C{0},  > 0 and (20). We have
∣∣g(a1, . . . , ar ;b1, . . . , bs;q;; z)∣∣ θ3(1;q/2)








∣∣g(a1, . . . , ar ;b1, . . . , bs;q;; z)∣∣ (q,−q/2,−q/2;q)∞










a1, . . . , ar
b1, . . . , bs
∣∣∣∣q, z
)∣∣∣∣
 (q, b1, . . . , bs;q)∞(q
,−q/2,−q/2;q)∞








To simplify the typesetting in the following theorem, we let
g(z;q) := g(a1, . . . , ar ;b1, . . . , bs;q;; z). (50)
From (18) we have
g
(
q−2nτ z;q)= ∞∑u(k)qk2(−zq−2nτ )k, τ > 0, n ∈ N (51)k=0
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u(k) := (q
k+1, b1qk, . . . , bsqk;q)∞
(a1qk, . . . , arqk;q)∞ . (52)











we have the following results for the g function:
(1) If for some fixed real number λ there are infinitely many positive integers n such that




q−2nτ z;q)= (−z)mq−m(2nτ−m){θ4(z−1q2λ;q)+ rg(n|1)}, (55)
and
∣∣rg(n|1)∣∣ 2s+r+3θ3(|z|−1q2λ;q)
(a1, . . . , ar ;q)∞
{
qμn+1







for n sufficiently large. In terms of confluent basic hypergeometric series we have
sφr
(
a1, . . . , ar
b1, . . . , bs
∣∣∣∣q, zq−2nτ
)
= (q, b1, . . . , bs;q)∞(−z)
m{θ4(z−1q(2λ+1);q) + rφ(n|1)}
(a1, . . . , ar ;q)∞qm(2nτ−m+1) , (57)
and
∣∣rφ(n|1)∣∣ 2s+r+3θ3(|z|−1q(2λ+1);q)
(a1, . . . , ar ;q)∞
{
qμn+1







for n sufficiently large.
(2) If for some fixed real numbers β , M  1 and ρ  1 there exist infinitely many positive
integers n such that
nτ = m + β + γn, |γn| < M
nρ




q−2nτ z;q)= (−z)mq−m(2nτ−m){θ4(z−1q2β;q)+ rg(n|2)}, (60)
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∣∣rg(n|2)∣∣ 2s+r+3MeMθ3(|z|−1q2β;q)













for n sufficiently large. In terms of the confluent basic hypergeometric series,
sφr
(
a1, . . . , ar
b1, . . . , bs
∣∣∣∣q, zq−2nτ
)
= (q, b1, . . . , bs;q)∞(−z)
m{θ4(z−1q(2β+1);q) + rφ(n|2)}
(a1, . . . , ar ;q)∞qm(2nτ−m+1) , (62)
and
∣∣rφ(n|2)∣∣ 2s+r+3MeMθ3(|z|−1q(2β+1);q)
















as n → ∞.
Remark 2.2. If τ is an irrational number, then the real number β could be fixed as 0. If τ is a
Liouville number, then the order is better than O(n−r ) for any positive number r . In case of an
arbitrary irrational number τ and an arbitrary real number β , the error term is O(n−1+) for any
small  > 0 by the Chebyshev’s theorem. The same remark applies to the q-polynomials h.
2.2. Results for the h polynomials
Theorem 2.3. Assume that z ∈ C\{0},  > 0, and (20). We have
∣∣h(a1, . . . , ar ;b1, . . . , bs; c1, . . . , ct ;q; z)∣∣ θ3(1;q/2)








∣∣h(a1, . . . , ar ;b1, . . . , bs; c1, . . . , ct ;q; z)∣∣
 (q
,−q/2,−q/2;q)∞







For our convenience we let
hn(z;q) := h(a1, . . . , ar ;b1, . . . , bs; c1, . . . , ct ;q; z). (66)









k+1, b1qk, . . . , bsqk;q)∞
(a1qk, . . . , arqk;q)∞
(q, c1, . . . , ct ;q)n
(q, c1, . . . , ct ;q)n−k . (68)
















We have the following results for h polynomials:
(1) If for some fixed real numbers λ there is infinite number of positive integers n such that




zq−2nτ ;q)= (−z)mq−m(2τn−m){θ4(z−1q2λ;q)+ rh(n|1)}, (71)
and
∣∣rh(n|1)∣∣ 2s+r+2t+5θ3(|z|−1q2λ;q)
(a1, . . . , ar ;q)∞
{
qνn+1








for n sufficiently large.
(2) If for any fixed real numbers β , ρ  1 and M  1 there are infinitely many positive integers
n such that
nτ = m + β + γn, |γn| < M
nρ




q−2nτ z;q)= (−z)mq−m(2nτ−m){θ4(z−1q2β;q)+ rh(n|2)}, (74)
and
∣∣rh(n|2)∣∣ 2s+r+2t+5MeMθ3(|z|−1q2β;q)
















for n sufficiently large.
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3.1. Proof of Theorem 2.1
We first notice that (20) implies
0 <
(
qk+1, b1qk, . . . , bsqk;q
)
∞ < 1, (76)
and (
a1q
k, . . . , arq
k;q)∞  (a1, . . . , ar ;q)∞ (77)
for k = 0,1, . . . , then by (18),




(a1, . . . , ar ;q)∞ . (78)
It is clear that for any nonzero complex number z we have




for k = 0,1, . . . , then






(a1, . . . , ar ;q)∞
 θ3(1;q
/2)







and by (38) we have
∣∣g(a1, . . . , ar ;b1, . . . , bs;q;; z)∣∣ θ3(1;q/2)








∣∣g(a1, . . . , ar ;b1, . . . , bs;q;; z)∣∣ (q,−q/2,−q/2;q)∞









a1, . . . , ar
b1, . . . , bs
∣∣∣∣q, z
)∣∣∣∣
 (q, b1, . . . , bs;q)∞(q
,−q/2,−q/2;q)∞








for any nonzero complex number z, positive number .
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Assume that
nτ = m + cn, m ∈ N, (84)















= s1 + s2, (85)
where u(k) is defined as in (52). It is clear that














(a1, . . . , ar ;q)∞ (87)
for k = 0,1, . . . .






2(−q2cnz−1)ku(m − k). (88)
We get a sum of 2s+r+1 − 1 terms by expanding u(m − k) − 1, each term is a product of
factors of type rα(β;m − k) where α is either 1 or 2 and β may be q , bj or aj . Clearly, for
sufficiently large n and μn being defined as in (53), we have
∣∣rα(β;m − k)∣∣ 2|β|q1+μn1 − q < 2q
1+μn
1 − q < 1 (89)
for 0 k  μn − 1 by Lemma 1.1. Thus,
∣∣u(m − k) − 1∣∣ 2s+r+2qμn+1
1 − q (90)
for 0 k  μn − 1 and n sufficiently large.






2(−zq−2cn)ku(m + k). (91)
A similar proof to (90) gives
∣∣u(m + k) − 1∣∣ 2s+r+2qμn+1
1 − q (92)
for k ∈ N and n sufficiently large.















































(a1, . . . , ar ;q)∞|z|μn
 2θ3(|z|
−1q2λ;q)



















1 − q q
μn+1. (95)
Let
r1(n) = s11 + s12 + s13, (96)






2(−q2λz−1)k + r1(n), (97)
and
∣∣r1(n)∣∣ 2s+r+2θ3(|z|−1q2λ;q)
(a1, . . . , ar ;q)∞
{
qμn+1







for n sufficiently large.



















2(−z−1q2λ)k + r2(n), (99)
and






1 − q q
μn+1 (100)







(a1, . . . , ar ;q)∞
{
qμn+1







for n sufficiently large. In terms of confluent basic hypergeometric series we have
sφr
(
a1, . . . , ar
b1, . . . , bs
∣∣∣∣q, zq−2nτ
)
= (q, b1, . . . , bs;q)∞(−z)
m{θ4(z−1q(2λ+1);q) + rφ(n|1)}
m(2nτ−m+1) , (103)(a1, . . . , ar ;q)∞q
1602 R. Zhang / Advances in Mathematics 217 (2008) 1588–1613and
∣∣rφ(n|1)∣∣ 2s+r+3θ3(|z|−1q(2λ+1);q)
(a1, . . . , ar ;q)∞
{
qμn+1







for n sufficiently large.
3.2.2. Proof of the case (2) of Theorem 2.1


































2(−q2βz−1)k + s11 + s12 + s13 + s14. (105)
Clearly, for sufficiently large n we have
M  jn < μn, (106)
and also
∣∣q2γnk − 1∣∣ 2jn|γn| logq−1e2jn|γn| logq−1  MeM logn
nρ
(107)
for 0 k  jn − 1 and
|q2γnk| e2k|γn| logq−1 < q−2Mk (108)
for any k  0, then,
|s11 + s14| 2
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j2n+2(β−M)jn

































1 − q θ3
(|z|−1q2β;q) (111)
for n sufficiently large.
Let







2(−q2βz−1)k + r1(n), (113)
and
∣∣r1(n)∣∣ 2s+r+2MeMθ3(|z|−1q2β;q)




































2(−zq−2β)ku(m + k){q−2kγn − 1}k=1









2(−z−1q2β)k + s21 + s22 + s23 + s24. (115)
Then, for sufficiently large n,
|s21 + s24| 2










































for n sufficiently large.
Let







2(−z−1q2β)k + r2(n), (120)
with
∣∣r2(n)∣∣ 2s+r+2MeMθ3(|z|−1q2β;q)
















q−2nτ z;q)= (−z)mq−m(2nτ−m){θ4(z−1q2β;q)+ rg(n|2)}, (122)
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∣∣rg(n|2)∣∣ 2s+r+3MeMθ3(|z|−1q2β;q)
















for n sufficiently large. In terms of the confluent basic hypergeometric series, we have
sφr
(
a1, . . . , ar
b1, . . . , bs
∣∣∣∣q, z
)
= (q, b1, . . . , bs;q)∞(−z)
m{θ4(z−1q(2β+1);q) + rφ(n|2)}
(a1, . . . , ar ;q)∞qm(2nτ−m+1) , (124)
and
∣∣rφ(n|2)∣∣ 2s+r+3MeMθ3(|z|−1q(2β+1);q)
















as n → ∞.
4. Proofs for h polynomial
4.1. Proof of Theorem 2.3
By (20) we have ∣∣∣∣ (q, c1, . . . , ct ;q)n(q, c1, . . . , ct ;q)n−k
∣∣∣∣ 1, (126)
and ∣∣∣∣ (qk+1, b1qk, . . . , bsqk;q)∞(a1qk, . . . , arqk;q)∞
(q, c1, . . . , ct ;q)n
(q, c1, . . . , ct ;q)n−k
∣∣∣∣ 1(a1, . . . , ar ;q)∞ (127)
for k = 0,1, . . . , n, by (19) we have
∣∣h(a1, . . . , ar ;b1, . . . , bs; c1, . . . , ct ;q; z)∣∣ n∑
k=0
(qk+1, b1qk, . . . , bsqk;q)∞qk2 |z|k





(a1, . . . , ar ;q)∞ . (128)
Going through the similar arguments as (48)–(52) we obtain




, (129)(a1, . . . , ar ;q)∞ 2 logq
1606 R. Zhang / Advances in Mathematics 217 (2008) 1588–1613or
∣∣h(a1, . . . , ar ;b1, . . . , bs; c1, . . . , ct ;q; z)∣∣
 (q
,−q/2,−q/2;q)∞







for any nonzero complex z.
4.2. Proof of Theorem 2.4
Clearly, we have









r2(aj ; k) + 1
]}






r2(cj ;n) + 1
][





(a1, . . . , ar ;q)∞ (132)
for k = 0,1, . . . , n.
Assume that
τn = m + cn, m ∈ N, (133)















= s1 + s2. (134)





2(−z−1q2cn)kv(m − k,n). (135)k=0
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factors of type
rα(β, γ ), (136)
where α may be 1 or 2, β may be one of q , aj , bj , cj and γ may be one of positive integers n,
m − k, n − m + k. It is clear that for large n and 0 k  νn − 1, we have
∣∣rα(β, γ )∣∣ 2qνn+11 − q < 1, (137)
by applying Lemma 1.1, hence
∣∣v(m − k,n) − 1∣∣ 2s+r+2t+4qνn+1
1 − q (138)
for 0 k  νn − 1.






2(−zq−2cn)kv(k + m,n). (139)
A similar to the proof of (133) gives
∣∣v(k + m,n) − 1∣∣ 2s+r+2t+4qνn+1
1 − q (140)
for 1 k  νn − 1.




























2(−z−1q2λ)k + s11 + s12 + s13. (141)k=0












(a1, . . . , ar ;q)∞|z|νn
 2θ3(|z|
−1q2λ;q)












2(|z|−1q2λ)k  2s+r+2t+4θ3(|z|−1q2λ;q)qνn+11 − q (143)
for n sufficiently large.
Let







2(−z−1q2λ)k + r1(n), (145)
and
∣∣r1(n)∣∣ 2s+r+2t+4θ3(|z|−1q2λ;q)





































2(−z−1q2λ)k + s21 + s22 + s23. (147)k=−∞
































1 − q (149)
for n sufficiently large.
Let







2(−z−1q2λ)k + r2(n), (151)
and
∣∣r2(n)∣∣ 2s+r+2t+4θ3(|z|−1q2λ;q)
(a1, . . . , ar ;q)∞
{
qνn+1










zq−2nτ ;q)= (−z)mq−m(2τn−m){θ4(z−1q2λ;q)+ rh(n|1)}, (153)
and
∣∣rh(n|1)∣∣ 2s+r+2t+5θ3(|z|−1q2λ;q)
(a1, . . . , ar ;q)∞
{
qνn+1








for n sufficiently large.
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2(−q2βz−1)k + s11 + s12 + s13 + s14. (155)
Clearly, for sufficiently large n we have
M  jn  νn. (156)
It is also clear that
∣∣q2γnk − 1∣∣ 2jn|γn| logq−1e2jn|γn| logq−1  MeM logn
nρ
(157)
for 0 k  jn − 1 and
∣∣q2γnk∣∣ e2k|γn| logq−1 < q−2Mk (158)
for any k  0 when n sufficiently large. Then
|s11 + s14| 2























. (159)|z| (a1, . . . , ar ;q)∞
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|s13| Me
M logn


















1 − q θ3
(|z|−1q2β;q) (161)
for n sufficiently large.
Let







2(−q2βz−1)k + r1(n), (163)
and
∣∣r1(n)∣∣ 2s+r+2t+5MeMθ3(|z|−1q2β;q)














































2(−z−1q2β)k + s21 + s22 + s23 + s24. (165)k=−∞
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|s21 + s24| 2














































for n sufficiently large.
Let







2(−z−1q2β)k + r2(n), (170)
with
∣∣r2(n)∣∣ 2s+r+2t+4MeMθ3(|z|−1q2β;q)
















q−2nτ z;q)= (−z)mq−m(2nτ−m){θ4(z−1q2β;q)+ rh(n|2)}, (172)
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∣∣rh(n|2)∣∣ 2s+r+2t+5MeMθ3(|z|−1q2β;q)
















for n sufficiently large.
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